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Abstract. We present some new results which definitively explain the behavior of the classical, heuristic nonlinear
relaxation labeling algorithm of Rosenfeld, Hummel, and Zucker in terms of the Hummel-Zucker consistency theory
and dynamical systems theory. In particular, itis shown that, when a certain symmetry condition is met, the algorithn
possesses a Liapunov function which turns out to be (the negative of) a well-known consistency measure. Th
follows almost immediately from a powerful result of Baum and Eagon developed in the context of Markov chain
theory. Moreover, it is seen that most of the essential dynamical properties of the algorithm are retained when th
symmetry restriction is relaxed. These properties are also shown to naturally generalize to higher-order relaxatic
schemes. Some applications and implications of the presented results are finally outlined.
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1. Introduction formal definitions of consistency and develop alterna-
tive relaxation schemes. Essentially, two radically dis-
In 1976, Rosenfeld, Hummel and Zucker [1] intro- tinct approaches were pursued. On the one hand, some
duced a class of parallel iterative procedures which have tried to set the labeling problem within a prob-
have now become a standard technique in the patternabilistic framework, exploiting the well-known tools
recognition and machine vision domains. These algo- of Bayesian analysis. The most notable example of
rithms, generally known aeelaxation labeling pro- this approach is that of Peleg [3], and the more recent
cessesattempt to exploit contextual information in  works of Kittler and Hancock [4], and Christmas et al.
order to provide “consistent” solutions in classifica- [5] are in the same vein. As noted in [6], however,
tion (or labeling) problems where noise and uncertainty even if Bayesian analysis provides much insight into
can affect the accuracy of classical non-contextual pat- the understanding of relaxation labeling algorithms, the
tern recognition algorithms. In their influential paper, approach is capable of accounting for at most one it-
Rosenfeld and his co-workers developed a number of eration of the process, and to understand its dynamical
relaxation schemes and, after pointing out their intrin- properties one has necessarily to resort to some ap-
sic limitations, eventually introduced a nonlinear algo- proximation. Recently, however, the behavior of these
rithm solely on the basis @fd-hocheuristicarguments.  “probabilistic” relaxation labeling procedures has be-
Unfortunately, they were not able to relate their model gun to be clarified thanks to the work of Stoddart et al.
to a precise and satisfactory definition of consistency, [7] who have uncovered certain interesting dynami-
and this lack of rigorous justification has always been cal properties of the Hancock-Kittler and Christmas-
indicated as one of the most serious drawbacks of the Kittler-Petrou probabilistic schemes.
model. Nevertheless, a variety of papers have later re- A different standpoint consists of explicitly defining
ported on the practical usefulness of the algorithm (see, some quantitative measure of consistency to be maxi-
e.g., [2] for a review and an extensive bibliography). mized, and then restating the labeling problem as one
The recognized difficulties with the original heuris- of optimization. This appears to be advantageous in
tic algorithm motivated several investigators to provide that the progress at each iteration can be quantitatively
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assessed, and the convergence properties of the algoin the objective function only when infinitesimal steps
rithm are therefore easily derivable. Early attempts in are taken, so that Lloyd’s analysis does not really pro-
this direction were made by Ullman [8], and later by vide much insight into the dynamical behavior of the
Faugeras and Berthod [9]. lllingworth and Kittler [10] algorithm. An interesting paper about the properties of
provide a relatively recent account of these methods. nonlinear relaxation is one of Elfving and Eklundh [13]
It is a remarkable fact that most of these developers who presented, in particular, a local convergence the-
(of either side) have devoted great care to demonstrateorem which in our opinion deserves special attention
that the original nonlinear relaxation formulas can be because of its potential use in certain novel applica-
regarded as an approximation of their schemes. tions of the algorithm (see the discussion in Section 8).
Undoubtedly, however, a landmark contribution in  More recently, the problem of establishing a correspon-
the theory of relaxation labeling processes was given dence between nonlinear relaxation and Hummel and
by Hummel and Zucker [6] who developed a general Zucker's theory of consistency has been tackled by
theory of consistency that naturally extends the ideas Levy [14] but, unfortunately, his analysis is entirely
of classical (discrete) constraint satisfaction. Based based on very strict conditions upon the compatibil-
on this theory, they developed an alternative relaxation ity relations which makes it uninteresting for practical
procedure which turns out to possess desirable conver-applications.
gence properties under unrestricted circumstances. In  The principal contribution of this paper is to defini-
addition, like many of their predecessors, they showed tively show how, despite its heuristic and simple-
that the standard nonlinear schedwesapproximate minded character, the nonlinear relaxation algorithm
their algorithm, and this led them to explain its success is in fact intimately related to the theory of consis-
in terms of their theory. That of Hummel and Zuckeris tency developed by Hummel and Zucker. Specifi-
now generally agreed to be the standard theory of con- cally, based on a powerful result of use in the theory
sistency in labeling problems. Accordingtothe distinc- of probabilistic functions of Markov processes, it is
tion drawn by Kittler and Hancock [4], the Hummel-  shown that under a certain symmetry restriction Rosen-
Zucker consistency theory aims at providingadmject feld et al.’s relaxation scheme monotonically increases
centeredinterpretation, i.e., one in which our atten- the well-known consistency function derived in [6].
tion is confined to obtaining a label assignment to a This greatly extends earlier results of Lloyd [12] and
single object at a time. This contrasts with tines- Levy [14]. In terms of dynamical systems theory it
sage centeredpproach, where we seek instead a joint can be stated therefore that the nonlinear relaxation
labeling configuration that best explains the available labeling algorithm possesses a Liapunov (or energy)
set of measurements for all objects. The latter stand- function which drives the process towards the near-
point has recently motivated Hancock and Kittler [11] est consistent solution. In addition, it is demonstrated
to formulate the labeling problem as onenediximuma  that most of the essential dynamical properties of the
posteriori probability(MAP) estimation problem, and  algorithm continue to hold even if the symmetry re-
develop a powerful discrete relaxation algorithm. quirement is relaxed, and the model is therefore proven
Over the past years, a number of investigators have to accomplish something useful under unrestricted cir-
attempted to formally establish a direct relationship cumstances. A generalization to relaxation schemes
between the original relaxation scheme and some well- that incorporate high-order compatibility relations is
founded theory of consistency. Lloyd [12], being ap- also discussed. Although these properties are tradition-
parently unaware of the work of Hummel and Zucker, ally associated with relaxation labeling and the term
showed that the nonlinear scheme can be regarded as &relaxation” is indeed often used as a synonymous with
suboptimal way of maximizing a certain consistency energy-minimization, we stress the fact thatin the case
function, whichis in fact the one proposed in [6], under of the original heuristic formulas, such an association
some restrictive assumptions concerning the compat- has been more an “act of faith” than the actual result
ibility relations. She showed this by simply rewrit- of theoretical analysis.
ing the relaxation formulas so as to show that the  This paper is organized as follows. In Section 2 we
algorithm moves towards a gradient direction. The introduce the nonlinear relaxation algorithm as defined
“suboptimality” stems from the fact that the process by Rosenfeld etal.[1]. Section 3 briefly reviews the the-
makes use of a fixed step size (equal to unity). As ory of consistency developed by Hummel and Zucker
is well known, gradient methods can ensure an increase[6], and presents some results that will be helpful in
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the subsequent part of the paper. In Section 4 we in- 5© p¥. ..., p® we obtain a weighted labeling

9 e e e

troduce the so-called Baum-Eagon inequality, and in assignment for the objects Bfthat will be denoted by
Section 5 we apply this result to analyze the dynam- 50 ¢ |R"™. A relaxation labeling process takes as input
ical behavior of relaxation in the symmetric case. In the initial labeling assignmeni® and iteratively up-
Section 6, we relax the symmetry restriction and show gates it taking into account the compatibility mod!

how the connection with the theory of consistency still At this point, we introduce the space of weighted
holds. Section 7 extends these results to the case ofjzpeling assignments:

high-order compatibility relations. Section 8 discusses

certain implications of the presented results, and then B o .

concludes the paper. K = {D eR™[p()=0i=1..nxreA
m

2. Nonlinear Relaxation Labeling and X; P =11=1... n}
)\.7

The labeling problem involves a set of obje@&s=

{by, ..., by} and a set of possible labels = {1, ...,

m}.1  The purpose is to label each objectB®iwith

one label ofA. To accomplish this, two sources of
information are exploited. The first one relies lon

cal measurements which capture the salient features
of each object viewed in isolation; classical pattern
recognition techniques can be practically employed o o )
to carry out this task. The second source of informa- Moreover, a labelingp in the interior of K (i.e.,
tion, instead, accounts for possible interactions among 0 < Pi (2) < 1, for alli and) will be calledstrictly
nearby labels and, in fact, incorporates all the con- @mbiguous . .

textual knowledge about the problem at hand. This Now, let p € K be any labeling assignment. To
is quantitatively expressed by means of a real-valued d€velop a relaxation algorithm that updafes accor-
four-dimensional matrix of compatibility coefficients dance with the compatibility model, we need to define,
R = {ri; (», w)}. The coefficient;; (», u) measures the for each objecti € B and each label € A, what
strength of compatibility between the hypotheshs “ 1S called asupportfunction. This should quantlfy the
has label” and “b; has label::” high values corre- ~ degree of agreement between the hypothesisihat
spond to compatibility and low values correspond to IS labeled withi, whose confidence is expressed by
incompatibility. In our discussion, the compatibilities Pi (1), and the context. This measure is commonly de-
are assumed to be nonnegative, (i, 1) > 0, but fme@_qs follows (see, e.g., [4, 20, 21] for alternative
this seems not to be a severe limitation because, as will d€finitions):

be seen later, all the interesting concepts involved here nom

exhibit a certain Imear_mvanance property. In thl_s G p) = erij () p; (). 1)
paper, moreover, we will not concern ourselves with e

the crucial problem of how to derive the compatibility

coefficients. Suffice to say that they can be either de- putting together the; (1; p)’s, as for thep; (A)’s, we
termined on the basis of statistical grounds [1, 15, 16] obtain annm-dimensional support vector that will be
or, according to a more recent standpoint, adaptively denoted byj(p).2 Support factors have an obvious in-

which is a linear convex set of IR. Every vertex of IK
represents annambiguougabeling assignment, thatis
one which assigns exactly one label to each object. The
set of these labelings will be denoted by 1K

K*={pelK|p®X=0o0rl i=1...n, €A}

learned over a sample of training data [17-19]. terpretationg; (1) is high when high-confidence neigh-
The initial local measurements are assumed to pro- poring labels are “compatible” withonb; ; conversely,
vide, for each objech; € B, anm-dimensional vec- it is low when high-confidence neighboring labels are
tor p° = (% (D). .... p¥(m)T (where ‘T”denotes  “incompatible” with . Furthermore, notice that low-
the usual transpose operation), such that() > confidence nearby labels have little or no influence on
0,i=1...n,2€A,andY, p?)=1,i=1...n. the support measure, and this is what one should ex-

Each pi(o)(k) can be regarded as the initial, non- pect. The above discussion suggests a way to properly
contextual degree of confidence of the hypothekijs “  adjustthe labeling: increasep; (1) wheng; (1) is high

is labeled with labelr.” By simply concatenating  and decrease it whap()) is low. This naturally leads
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to the following updating rule or g™ (u) =0. By the hypothesis, instead, we have
m ZM pi(o) (u)qi(o) (n) > 0 which means that there exists

pi (1) == pi (LG (/\)/ dopwaw (2 at least onex for which p® (@) > 0 andg® (@) > 0.
n=1 This second condition, in turn, implies that there ex-

ot © -
where the denominator serves simply to ensure that St | and g such thatp;™(8) > 0 andr;; (@, §) > 0.

the updated vectors are still in IK. Formulas (1) and On the other hand, we have eithgf"’(a)=0 or
(2) define the original nonlinear relaxation operator of d'* (@) =0and, sincg® (@) > 0, there exists& < ty
Rosenfeld et al. [1] which was in fact originally moti- such thatp™? (@) > 0 andg™ () = 0. Again, this last
vated by making recourse to the simple-minded, heuris- condition implies p{®(8) =0 (being;; (e, ) > 0),
tic arguments just developed. _ which means that, for somig <t,, q{® (8) =0, be-
The relaxation .algonthm will pe best viewed as a guse p](0>(,3) > 0. Finally, sincer;i (8, @) >0 for
continuous mapping" of ghe assignment space onto  the zero-symmetry assumption, this would imply
itself. It starts out withp® and iteratively produces that pi(ts)(oz) —0and consequentlpi(t” (@) =0, being

20 51 {2
a sequence of pointp®, pY, p@, ... € K, where t, > t3. This contradiction proves the propositionx
pt+d = 7(p®), t > 0. The process continues un-

til (at least in theory) a fixed, or equilibrium, point is
reached, which means tha(p®) = p©, for somet.

It can be easily shown that a labelifigis an equilib-
rium point for 7 if and only if the following relation
holds [22]:

We note that the conditions of the above proposition
are very likely to hold in practical applications. In fact,
should7 (p©@) not be defined it would be so because
for some object, say; p® (1) > 0 impliesq® (A) =0.

This would mean that the initial local measurements
g () =c wheneverpi(A) >0, i=1...n, AcA are extremely inaccurate and, in particular, that they
3) strongly disagree with the constraint model. Fortu-

nately, in nearly all practical applications of interest
for some nonnegative constants,...,c, (note this is never the case. We add also that zero-symmetric

that unambiguous labelings are therefore equilibrium compatibility matrices are very commonly encountered
points forT ; the converse, of course, need not be true). in practice (e.g., symmetric or positive matrices), and
One of the first questions that must be raised about €ven if this were not the case, it would be straight-
the relaxation scheme discussed here, relates to theforward to make a non-zero-symmetric matrix become
well-definedness of the iterates defined in Eq. (2). We zero-symmetric (it would suffice to replace all those
now provide a practical criterion to test whether a given Zero-components for which the zero-symmetry condi-
initial labeling p© will give rise to a well-defined se-  tion fails with a small positive constant). In view of
quence{ p©, pL, p@, ...}. First, however, we need the above considerations, we will no longer be con-

an auxi"ary Concept_ We say that a square matrix cerned here with this prOblem, and it will be reason-
A = (g;) iszero-symmetrif &; = 0 impliesa;; = 0, ably assumed that the relaxation iterates are always
for alli andj. Note that both symmetric and positive Well-defined.

matrices are trivially zero-symmetric. The next result

asserts that the sequence of points produced by the non- i ) ,

linear relaxation mapping is well-defined for virtually 3. Consistency and its Properties

all cases of practical interest. . . . . ,
Inthis section, we briefly review Hummel and Zucker’s

theory of constraint satisfaction [6] which commences
by providing a general definition of consistency. By
analogy with the unambiguous case, which is more eas-
ily understood, a weighted labeling assignmprat IK

is said to beconsistentf

Proposition 2.1. Suppose that the compatibility ma-
trix R is zero-symmetri@nd letp@ e K be alabeling
for which7 (p?) is defined. Therso will be7 (p®)
forallt > 1.

Proof: Suppose to the contrary that, for sothe- 1, m

m
7T (p™) is undefined. This amountsto stating that there PGP =Y w)gG:p), i=1...n
exists somesuchthad”, p" (1) (1) =0 andthis ; He _; s

implies that for everyu we have eithep™ (1) =0 (4)
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forallv € K. Furthermore, if strictinequalities hold in
(4),forallv £ p, thenpis said to bestrictly consistent
It can be seen that a necessary conditionfdo be

strictly consistent is that it is an unambiguous one, that

is p € IK*. Consistency is also usefully characterized
by the following condition:(v — p) - §(p) < 0 for all

v € K, where “” denotes the standard inner product
operator.

Given a labelingp € IK, the tangent set ap, de-
noted byTyp, is defined as the set of possible directions
along which one can move an infinitesimal amount
away fromp, while remaining in IK. It turns out that
the tangent set 4i is given by:

m
Ty = {delR“m Y dm=0 i=1...n,
A=1
p(A)=0=d () >0, i=1...n, A€A}.

Owing to the convexity of IK, all the tangent vectors
at p are of the formy (v — p), for somey > 0 and

v € K. Accordingly, consistency is equivalent to the
conditiond - §(p) < O, for alld € Tp.

A further useful characterization of consistent label-
ings is given in the next theorem, which also provides,
unlike the preceding ones, an operational criterion to
test the consistency of a given labefing

Theorem 3.1. Alabelingp € K is consistent if and
onlyifforalli = 1...n the following conditions hold

1) g/(A) = ¢, whenever gx) >0
2) g () < c, whenever pix) =0

for some nonnegative constants ¢ ., c,.

Proof: Suppose thap is consistent. For all
1...n, putcg = max{gi(x; p) : » € A} and let

Ai € A bealabel suchthag(ii) = ¢. Then, trivially,
condition (2) is satisfied. Suppose now by contradic-
tion thatp; (1) > 0 andqg; (1) < c; for somej andy,
and consider the following vectare IK:

pi), fori#j,
v(A) =41, fori = j andi = A;j,
0, fori = j anda # ;.

We have

D v)ai s P) = (3 P) =
=1
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and, sincep;j (1) > 0 andg; (1) < ¢j,
m m
Yo PG P < ¢ =Y vj()a(; P).
A=1 r=1

This contradicts the hypothesis thais consistent and
proves the first part of the theorem.
Now, suppose that conditions 1) and 2) are satisfied

and letv € IK. Foranyi = 1...n we have
m m
> PG p) = PG =G
A=1 A=1

pi(»)>0

and fromgq; (A; p) < ¢; we obtain
m m
D ouMa (P <D vG =6
r=1 =1

=) pRG G P)
=1

which proves thap is consistent. O

From the preceding theorem and characterization (3)
of fixed points, the next corollary follows immediately,
which establishes a first connection between nonlinear
relaxation labeling and Hummel and Zucker’s theory
of consistency.

Corollary 3.2. Letp € K be consistent. Thep is

a fixed point for the nonlinear relaxation operat@r.
Moreover if p is strictly ambiguous the converse also
holds.

In [6], Hummel and Zucker introduced tla&erage
local consistencydefined as

AB) =) > PG ()

i=1 A=1

(®)

and proved the following fundamental result.

Theorem 3.3 (Hummel-Zucker, [6]). Suppose that
the compatibility matrix R is symmetridi.e.,
rij (A, w) = rji (u, A) foralli, j, A, ). Thenany local
maximump € IK of A is consistent.

Basically, this follows immediately from the fact
that, whenR is symmetric, we have

IA(D)

p) 2) D O wpiw =2g(), (6)

j=1p=1
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whered A(p)/dp; (1) denotes the partial derivative &f

with respect top; (1), evaluated ap. In other words,
VA(P) = 24, VA(P) being the gradient oA at p.
Note that, in general, the converse of Theorem 3.3 need
not be true since, to prove this, second-order deriva-
tive information would be required. However, the next
proposition asserts that, by demanding thbe strictly
consistent, thisloeshappen.

Proposition 3.4. Leté e IK* be strictly consistent
and suppose that R is symmetric. Theis a strict
local maximum of the average local consistency A.

Proof: Suppose to the contrary thatis not a strict
local maximum ofA. Then, we can construct a se-
quence of point§uk}, vk € IK, such thatvyy — € as
k — oo, andA(€) < A(vy) for all k. Eachuy can be
written in the formu, = € + 8¢z, whered, > 0 and
the z's are tangent vectors a&twith Euclidean norm
|z« = 1, for allk. Clearly, we havéy — 0 and since
the sequencéz} is bounded, it must have some con-
vergent subsequence converging to s@n&Ve may
assume, without loss of generality, that the sequence
{z} is itself convergent t@. Notice that, since each
is in T, Z must be inT too. Now, applying Taylor's
theorem, we can write

A(E) — A(tx) = —V A+ O0kdkZx) - dkzx, allk
for somedy € [0, 1]. HenceV A(€+6k8k2k) - kZx > 0
which impliesV A(é + 6kdkZx) - Zx > 0 for allk. Now,
by lettingk — oo, we haveV A(é) - z > 0 and, by the
symmetry ofR, VA(E) = 2G(é). Thus we have found
avectorz € Tg such thaz- q(€) > 0. This contradicts
the hypothesis that is strictly consistent and proves
the proposition. |

To conclude this section, we show that the concept
of consistency is invariant under certain linear trans-
formations of the compatibility strengths. LBtbe a
compatibility matrix and lef (R) denote the set of con-
sistent labelings with respect ® From [6] we know
thatC(R) # (. Let« and g be arbitrary constants,
with « > 0, and construct the matriR’ as follows:

r{j (A, u) = arij(x, w)+ B. Then, itis straightforward
to see thaC(R) = C(R’). This follows immediately
from the fact that/ (1) = Zi ZM ri’j A, wypj(pn) =
aG;i (L) + nB. Thus, if the compatibility matribR con-
tains negative values, puiq (A, w) = rij(A, u) — «,
wherek is the smallest negative value Bf we have
that the transformed matriR’ is nonnegative, and

C(R) = C(R/). This justifies therefore our restriction
to nonnegative compatibilities.

4. Baum-Eagon’s Inequality and Extensions

In the late 1960s, Baum and Eagon [24] introduced a
class of nonlinear transformations in probability do-
mains and proved a fundamental result which turns
out to have a surprising relation with the Hummel-
Zucker relaxation labeling theory. Their result gen-
eralizes an earlier one by Blakley [25] who discovered
similar properties for certain homogeneous quadratic
transformations. (Indeed, our analysis of nonlinear re-
laxation labeling could have been partly based upon
Blakley’s work but, because of its greater generality,
the Baum-Eagon result was preferred.) Let IK denote
the assignment space defined in Section 2 and, as usual,
let x; (1) represent théi, ) component of the vector
X € K. The next theorem introduces what is known as
the Baum-Eagon inequality.

Theorem 4.1 (Baum-Eagon [24]). Let P(X) be a
homogeneous polynomial in the variab{es(1)} with

nonnegative coefficientand letx be a point of the
domainlK. Define the mapping as follows

/ > % (w)
n=1

Then RM(X)) > P(X), unlessM(X) = X.

dP(X)
axXi(u)
(7)

o AP
(M) () = %i (1) 3% )

In Eq. (7), the notatio M (X)); (A) stands for the
(i, A) component of the vectat(X). A continuous
mappingo for which f (o (X)) > f(X) (f being an
arbitrary real-valued function) is calledjeowth trans-
formationfor o. Indeed, in a subsequent paper, Baum
and Sell [26] proved much more. They showed that
Theorem 4.1 still holds in the case of arbitrary (non-
homogeneous) polynomials with nonnegative coeffi-
cients, and further extended the result by proving that
M increased® homotopicallywhich means that

PME) + 1 —mX) > P(X), 0<n<1 (8)
with equality if and only ifM(X) = X. In words, this
means that not only iB (X) smaller tharP (M (X)), but
P(X) is also less than the value &f at any point ly-
ing on the segment joining to M (X). However, they
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showed through an example thgtn M (X) + (1—n)X)
may fail to be monotone in. In addition, in [26] Baum
and Sell provide an analysis of the asymptotic behav-
ior of growth transformations in the vicinity of local
extrema.

As noted in [26], the mapping defined in The-
orem 4.1 makes use of first derivatives only and yet
is able to take finite steps while increasiRg This
contrasts sharply with classical gradient methods, for
which an increase in the objective function is guar-
anteed only when infinitesimal steps are taken, and
determining the optimal step size entails computing
higher-order derivatives. We add that performing gra-
dient ascent in IK requires some projection operator

to ensure that the constraints not be violated, and this
causes some problems for points lying on the boundary

[9, 27]. In (7), instead, a computationally simple row
normalization is required.

The Baum-Eagon inequality provides an effective
iterative means for maximizing polynomial functions
in probability domains, and in fact it has served as the
basis for various statistical estimation techniques de-
veloped within the theory of probabilistic functions of
Markov chains [28]. More recently, its usefulness in
the field of speech recognition has been proven [29].
Further properties of the transformatiget are inves-
tigated in [30, 31] and, recently, Gopalakrishnan et al.
[32] introduced a new class of growth transformations
for rational functions which have interesting applica-
tions to certain statistical estimation problems of inter-
est in the speech recognition domain. Finally, in [7] a
continuous-time version of the Baum-Eagon theorem
is presented.

5. Nonlinear Relaxation Processes

are Growth Transformations

This section provides some results concerning the non-

linear relaxation operatdf which hold when the com-
patibility matrix R happens to be symmetric. This

appears not to be too strict a condition because most of

the compatibility coefficients proposed in the literature
are symmetric (e.g., [1, 3, 15]), and symmetric com-
patibilities can also be easily learned from training
data [17]. We begin by observing that the average
local consistency defined in Section 3 is a homoge-
neous quadratic polynomial in the variablgs (1)}
with nonnegative coefficients (thg (A, 11)'s). More-
over, recall that wherR is symmetric the gradient
of A at p equals Z(p). Thus, by simply applying
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Theorem 4.1, the following fundamental result is eas-
ily proven.

Theorem 5.1. The nonlinear relaxation operatdf

is a growth transformation for the average local con-
sistency Aprovided that compatibility coefficients are
nonnegative and symmetric.

More explicitly, the preceding theorem asserts that
the nonlinear relaxation scheme strictly increases the
average local consistency on each iteration, i.e.,

APy > APY), t=0,1,... 9)
until a fixed point is reached. Even more interestingly,
from (8) we can assert that(p) is also smaller than
the value ofA at each labeling assignment lying on the
segment joiningd® to p*+V, for each time step> 0.

Another way of looking at Theorem 5.1 is from the
standpoint of dynamical systems theory [33, 34]. The
nonlinear relaxation operatd@ defines in fact a dis-
crete dynamical system and it is therefore of particular
interest to study how it behaves in the vicinity of its
equilibrium points. In the theory of dynamical systems
this is formalized by the concept of stability. An equi-
librium pointX is said to bestableif, whenever started
sufficiently close ta, the system will remain near to
x for all future times. A stronger property, which is
even more desirable, is that the equilibrium poirite
asymptotically stablemeaning thak is stable and in
addition is alocal attractor, i.e., when initiated close
to X, the system tends towardsas time increases.
One of the most fundamental tools for establishing the
stability of a given equilibrium point is known as the
Liapunov's direct method. It involves seeking a so-
calledLiapunovfunction, i.e., a continuous real-valued
function defined in state space which is nonincreasing
along a trajectory. Of particular interest ateict Lia-
punov functions which are, instead, strictly decreasing
on nonconstant trajectories.

Now, from the preceding theorem we can assert that
— A s a strict Liapunov function for the nonlinear op-
eratorZ. This, in conjunction with the fact that ev-
ery strictly consistent labeling is a local minimum of
—A (see Proposition 3.4), proves the following theo-
rem which is an obvious consequence of Liapunov’s
theorem of asymptotically stability [33, 34].

Theorem 5.2. Leté € IK* be strictly consistent and
suppose that the compatibility matrix R is nonnegative
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and symmetric. Themis an asymptotically stable equi-  symmetrized (i.e., by considering + R"), it would
librium point for the nonlinear relaxation schenie be desirable for a relaxation process to work also when
and consequentlyis a local attractor. no restriction on the compatibility matrix is imposed
[6,10]. Thisis especially true when the relaxation algo-
As in Section 3, itis simple to show that the restric- rithm is viewed as a plausible model of how biological
tion to nonnegative compatibilities does not actually systems perform visual computation [35].
affect the generality of our discussion. In fact, sup-  Despite the fact that in the asymmetric case no func-
pose that compatibility coefficients are allowed to be tional to be maximized can be found, in this sectionitis
negative. Consider the scaled compatibility matix shown that the nonlinear relaxation algorithm still per-
as defined at the end of Section 3, and Aétbe the forms useful computations in this case, and its connec-
corresponding average local consistency. It is easily tion with the theory of consistency continues to hold.
verified thatA'(v) > A'(p) if and only if A(v) > A(P), This appears to be interesting as the inability of non-
for all v, p € K. This means that if we have a growth linear relaxation to handle unrestricted compatibilities
transformationM for A, thenM will be also a growth has been one of the strongest arguments against its use-
transformation forA, andvice versa Put another way,  fulness [10]. We note, however, that certain results

the classes of growth transformations foand A’ co- concerning the behavior of the algorithm in the case of
incide. Therefore, when negative compatibilities are arbitrary coefficients have long been established; par-
given, we can use the scaled matRkinstead ofR; ticularly, we refer to a theorem by Elfving and Eklundh

doing so, the relaxation operatdr is also guaranteed  [13], an extension of which will be presented later in
tomonotonically increase the average local consistency this section.
with respect to the original matrik. Let p be a non-consistent labeling, and consider the
Before concluding this section, we observe that problem of updatingd in agreement with the compa-
many relaxation labeling formulas proposed in the lit- tibility model. As Hummel and Zucker themselves
erature have exactly the same form as that specified in pointed out [6], a reasonable strategy for doing thisis to
Eq. (2), but with different support functions. Some no- take a step in the same directiongsuch a direction
table examples are presented in [3-5, 20]. The Baum- clearly exists forp is not consistent. Accordingly, the
Eagon inequality may therefore be useful to explain the updating problem can be formally stated as follows:
dynamical behavior of these algorithms, provided that
the support vectoq is proven.to be proportional t_o givenp e K, find d ¢ T, such thad - g > 0. (10)
the gradient of some polynomial consistency function.
We mention that by using a “truncated” version of the
Baum-Eagon theorem Stoddart et al. [7] have recently
shed light on the behavior of the Kittler-Hancock [4]

This kind of problems arises frequently in mathemati-
cal programming, where the role of the support vector

and the Christmas-Kittler-Petrou [5] probabilistic re- q islindegd P'aﬁed b_y the gradi(_antl of sombei diffelr_En-
laxation algorithms. Finally, we note that the Baum- tiable objective function. In particular, problems like

Eagon inequality may also be useful in defining novel (0) occur in the context of the so-calletethods of

relaxation formulas once the labeling problem is cast as feas_|ble directionsand are solved by appro_pnate di-
one of maximizing a polynomial consistency function '€Ction generator algorithms (see Zoutendik [36] as
over K (e.g., [9]) the standard reference). In the problem we are deal-

ing with, however, no objective function exists but the

motivations that lead to (10) are quite similar.
6. Nonlinear Relaxation Hummel and Zucker’s approach to solving the up-

with Arbitrary Compatibilities dating problem consists of seeking, among all vectors

satisfying (10), that which maximizes the inner prod-
In the preceding section, we have restricted ourselves uct with§ or, in other words, which makes the smallest
to the case of symmetric compatibility coefficients and angle withd. They developed an updating rule, dis-
have shown how, under this circumstance, the heuris- cussed in greater detail in [27], that when applied to
tic nonlinear relaxation scheme is closely related to interior points performs a simple orthogonal projec-
the theory of consistency of Hummel and Zucker. tion of § into the tangent plan&;. Unfortunately, in
However, although symmetric compatibilities can eas- the case of boundary points (i.e., having at least one
ily be derived and asymmetric matrices can always be component equal to zero) the situation is much more
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complicated and the procedure becomes computation-operator, the algorithm is able to determine the step
ally expensive. This led recently Parent and Zucker size automatically.
[37] to develop an alternative, more efficient updating ~ One important question that has notbeen (purposely)
rule which is also related to the previous one. Accord- raised until now, involves the relation between the stop-
ing to Zoutendijk’s distinction of direction generator ping points of relaxation and the consistent labelings.
methods ([36], Chap. 12), Hummel and Zucker's ap- As we have seen in Section 3, any consistent label-
proach to solving the updating problem can be classi- ing is a stopping point for the nonlinear scheme, and
fied as aroptimizationmethod, but this is by no means the converse holds in very restricted circumstances, in-
the only possible strategy, and other approaches candeed of little practical interest. In fact, it may well hap-
well be pursued. pen that some fixed poirg will not be consistent, and
The next theorem asserts that the nonlinear relax- this follows essentially from the fact that the nonlinear
ation algorithmdoessolve problem (10), and thus can scheme (2) cannot leave a face or edge of IK. However,
be regarded as an alternative to the optimization ap- if we demand that the initial labeling® be strictly am-
proach developed in [6, 27]. Itis based on a straight- biguous (see Section 2) then this comes true. Before
forward modification of a result of Levinson etal. [29] we show this, however, an auxiliary result is needed.

(see also [12] for a related derivation).
Lemma6.2. Let{p®} be the sequence of points pro-

duced by the nonlinear relaxation operatéf. Sup-
pose thatfor somet > 0, we have f (1) = 0. Then
g’ () = Oforallt > t;.

Theorem6.1. Letp € K andq be alabeling and the
associated support vectorespectively. Lef” denote
the nonlinear relaxation mapping defined(®). Then
(T(p)— P)-q>0, unless7(p) = p.

Proof: If g (1) =0, theny";  rij (A, ) pi™ () =

0. Since all the quantities involved in the sum are non-
negative, we will have eithef; (A, 1) =0or p}“’ (w) =
0,forallj =1...nandu € A. In the latter case,

by the definition ofZ we will have p{"’ (1) = 0 for all
t > t;; therefore, for alt > t;, g (») = 0. o

Proof: Putk = ZM pi (w)qg (n), foralli =1...n.
From the definition off we have

(T(p)i(x) = pi(x) ifand only if g (A) > ki, ]
therefore(7 (p)); (A) — pi(») andg; (A) — ki have the
same sign, and this implies that Theorem 6.3. Let p© be a strictly ambiguous labe-
ling, and suppose that the sequeri@?’} produced by
the nonlinear relaxation proces§ converges to the

fixed pointp* € IK. Thenp* is consistent.

Y Y IT@im—plla)—k] =0, (11)

i=1 =1
from which we obtain7 (p) — p)-q > 0. Sincep is Proof: From Theorem 3.1, we have simply to show
not a fixed point for7, it must be true thatZ (p)); () that
> pi(A), for somei and i for which p;(1) >0, and
this holds if and only ifg; (\) > k.. Thus, insum (11) 1) g*(W) =¢, if pf(x)>0
there exists at least one summand greater than zero, and) o (1) < ¢, if pf(2) =0
this implies that{7 (p) — p) - § > 0, which proves the
theorem. ] for some nonnegative constants, ..., c, Where

g () = g (x; p*). Sincep* is a fixed point for the
From the preceding theorem, we can therefore as- relaxation operatof’, condition 1) is fulfilled. Sup-

sert that the nonlinear relaxation schethéelongs to

the class ofeasibilitydirection generator methods [36,
p. 306] in that it does not concern itself with the prob-
lem of determining the “best” direction according to
some criterion. In contrast with the Hummel-Zucker
operator [6], it aims at solving problem (10) without

any quest for optimality, and this represents the most
important conceptual difference between the two al-

gorithms. Note also that, unlike the Hummel-Zucker

pose now thap (1) = 0. Sincep? is strictly ambigu-
ous there exists & > 1 such thatp™ (1) = 0 and
p" Y1) # 0, and this implies thag™ (1) = 0.
From Lemma 6.2 we havg® (1) = 0 < ¢, for all
t > t; — 1, and so will therefore bg"(1). This proves
the proposition. O

Probably, the preceding result holds true under still
less restrictive hypotheses, but the condition &t
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not be on the boundary is not as strict as it would seem stability of & follows immediately, thereby proving the
since in many practical applications of interest the ini- theorem. U
tial local measurementio provide strictly ambiguous
labelings. Even if this were not the case, any “bound-  This is the analog to the fundamental local conver-
ary” initial labeling could be easily replaced with some gence result of Hummel and Zucker [6, Theorem 9.1].
nearby interior point, without distorting the informa- Note that, unlike Theorem 5.2 no restriction on the
tion produced by the local measurements. Itis interest- structure of the compatibility matrix is imposed here.
ing to notice that other updating rules require that the We conclude by mentioning thatin [13]itis also shown
initial labeling assignments be strictly ambiguous [37]. that the rate of convergence Bfis linear.

To conclude our analysis in the general case of ar-
bitrary compatibilities we need, as in the previous ] )
section, some local convergence result that asserts’/- Higher-Order Relaxation Schemes

something about the behavior of nonlinear relaxation ) ) . .
in the vicinity of consistent labelings. Interestingly ©ne of the working assumptions upon which our entire

enough, such a result has been available since the ea”)ﬂnalysis of nonlinear relaxation labeling has rested, is
1980s thanks to the work of Elfving and Eklundh [13] that contextual relations be expressed in terms of pair-
but it seems to us that its importance as well as its wise compatibility coefficients, neglecting in fact pos-

potential applications have not been fully recognized SiPle higher-order interactions. The extent to which
(cf. Section 8). Here we present an extension of that this approximation is valid depends of course on the

result.

Theorem 6.4. Leté € IK* be a strictly consistent la-
beling. There is an asymptotically stable equilibrium
point for the nonlinear relaxation scherfie

Proof: To prove the theorem we have to show that
€is a stable equilibrium point, and also a local attrac-
tor for 7. The latter condition was earlier proven in
[13, Theorem 10] by showing that the spectral radius
of the Jacobian of” evaluated at any strictly consis-
tent labeling is less than 1. The fact theais a local
attractor follows therefore immediately from a well-
known result by Ostrowski [38, Theorem 22.1] (we
do not reproduce the proof here and refer to the origi-
nal paper for technical details). It remains thus to see
thatéis stable. Formally, this is expressed by the fol-
lowing condition: for anye > O there exists @ >0
such thatl| p — &|| < & implies ||7t(p) — &|| < e for
allt > 0, where7! denotes théth iterate of7, i.e.,
To%p) = pand7'(p) = 7(T1(p)) fort > 1. First

of all, sinceé is a local attractor for7, there must
exist a8’ > 0 such that lin., ., 7'(p) = & whenever
Ip— €| <d'. Now, lete >0 be an arbitrary positive
constant. There exists a nonnegative integesuch
that for allt > to we have|| 7t (p) — €| < € whenever

lp — €|l <¢'. Furthermore, sincé is continuous, so

is 7t for all t > 0. This means that, for any choice
of t, there exists &; > O such that|p — €| < &
implies [7'(p) — 7' @ = IT'(p) — &ll < € (re-
call that € is a fixed point for7). Therefore, by
settingd = min{d’, 81, ..., &} the condition for the

complexity of the problem at hand, but a vast body
of computational experience clearly demonstrates that
second-order relations usually suffice to model satis-
factorily real-world constraints. In principle, higher-
order interactions could well be employed in practical
applications, but this would cause computational prob-
lems due to the combinatorial growth of calculations
and storage requirements involved, and sometimes the
improvement in performance does not compensate for
the increase in computational cost [39].

Despite the above considerations, however, we still
find it interesting to study higher-order relaxation pro-
cesses. Thisis partly because in certain applications the
use of high-order correlations has really shown to be ad-
vantageous (see, e.g., [40-42]). But, even more inter-
estingly, higher-order interactions have recently proven
to greatly enhance the performance of neural models in
suchtasks as learning and generalization [43], and have
shown to significantly increase the storage capacity of
associative memories [44]. Additionally, such “multi-
plicative” interactions exhibit an intriguing biological
plausibility [45].

In this section, it is shown that all the properties of
“second-order” nonlinear relaxation discussed previ-
ously naturally generalize to the case of higher-order
compatibility relations. For clarity of discussion we
begin by considering third-order compatibilities. In
this case, the compatibility matrix becomes a three-
dimensional matrix (each dimension having en-
tries), and compatibility coefficients express the degree
of agreement of triples of object-label configurations.
Specifically, the coefficient;y (1, u, v) quantifies the



The Dynamics of Nonlinear Relaxation Labeling Processes

compatibility among labels, « andv on objectsy;, b;
andby, respectively. Accordingly, our linear support
function becomes

G =YY rikOu P (W pv)  (12)

o kv

and the third-order nonlinear relaxation operaftdras
precisely the same form as in Eq. (2) but, now, with this
new meaning of the; (A)'s. Moreover, the definition
of consistency as well as all its properties hold true
in this case, with the appropriate definition @f In
particular, the average local consisterfejurns out to
be a cubic homogeneous polynomial.

For third-order compatibilities the symmetry restric-
tion is slightly more complicated than the correspond-
ing second-order counterpart. It states that

Fijk (A, i, V) + Tiij (v, A, ) + ki (i, v, A)

= 3rjjk (A, 1, v) (13)
foralli, j,k=1...nandx, u, v € A. Inthiscase, we
have thatv A(p) = 34 and, trivially, the Baum-Eagon
inequality can still be applied here. This implies that
third-order nonlinear relaxation processes continue to
be growth transformations for the average local con-
sistencyA or, put another ways- A is still a Liapunov
function for 7. Therefore, all the results concerning
the behavior of the relaxation algorithm in the symmet-
ric case hold true in this case (Section 5). Likewise, it
is readily seen that the properties of Section 6 (arbitrary
compatibilities) continue to hold.
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objects. Inthe symmetric case we ha&vA(p) = Kg.

All the preceding arguments apply immediately here
for the symmetric and the asymmetric case, and we
omit the details.

8. Summary and Discussion

Nonlinear relaxation labeling processes represent a
fundamental tool in the computer vision toolkit. They
were derived heuristically in the mid-1970s to solve
certain constraint satisfaction problems arising in
the interpretation of ambiguous line drawings, and
since then have been employing successfully in a va-
riety of practical tasks. At the same time, however,
their theory has never been fully understood, and their
heuristic nature has always been indicated as one of the
most serious drawbacks of the model.

In this paper, we have sought to provide a def-
inite answer to many long-standing questions about
the original nonlinear relaxation scheme. We have of-
fered a unified treatment of the algorithm and have
proven a number of properties which show that, in the
face of its completely heuristic derivation, it turns out
to be intimately related to a well-known mathemati-
cal theory of consistency developed by Hummel and
Zucker. In particular, based on a powerful result due
to Baum and Eagon, we have shown that in the case
of symmetric compatibilities the algorithm possesses
a Liapunov function which is precisely the measure
of (in)consistency proposed by Hummel and Zucker
in [6]. This amounts to stating that each relaxation la-

The above discussion extends to the more generalbeling iteration actually increases the labeling’s con-

case ofK th-order compatibility relations in a straight-
forward fashion. In this case, the appropriate support
function is

ql(A’)ZZZ"ZrI,IQ ..... iK()"v)"Zv"'v)\'K)
i2,h2iz.h3  Tk.Ak
X pig()"z) tee piK ()"K) (14)

and the average local consistency is still a homoge-
neous polynomial (of degrel€). The symmetry con-
dition complicates considerably here, and becomes

ey )\.O—(K))

O'ECK

= Kril,iz ..... iK()\'lv)\Qv'--a)"K) (15)

for all il,iz,...,iK =1...n and)\l,)»z,...,)»}( €
A, whereCy is the set of cyclic permutations df

sistency, and the algorithm eventually approaches the
nearest consistent solution. We have then proceeded in
our analysis by relaxing the symmetry requirement and
have found that most of the essential dynamical proper-
ties of the algorithm hold true even in the general case
of unrestricted compatibilities. Finally, a generaliza-
tion of these results to higher-order relaxation schemes
has been discussed.

Apart from their theoretical value, the results pre-
sented in this paper have a number of applications and
implications that now we wish to discuss briefly. Per-
haps, the most immediate application that comes to
mind is in the field of optimization. In a classical pa-
per [46], Hopfield and Tank demonstrated how certain
networks of simple locally interacting processing units
are capable of solving difficult optimization problems.
To do so, they simply exploited the property of such
networks to have an associated energy function, and
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proposed a method for mapping optimization problems the algorithm as an associative memory model. In this
directly onto specific networks. The fact that the non- kind of memory, patterns are first mapped onto unam-
linear relaxation algorithm possesses essentially the biguous labeling assignments by means of a tof-
same energy function as the Hopfield neural network encoding and then made strictly consistent by solv-
(Theorem 5.1) implies that the model can be utilized to ing a system of linear equations (the storing phase).
solve optimization problems in exactly the same way A more detailed description of this kind of memory
as Hopfield and Tank did in their original work. We along with experimental results which confirm its va-
note, however, that the two models operate in different lidity can be found in [19, 56]. A remarkable feature
state spaces. In fact, while the Hopfield model works of the approach is that it naturally allows us to develop
on a “fuzzy” domain where every variable is simply asymmetric multi-valued associative memories, which
constrained to be in the range [0, 1], relaxation la- are believed to be more closely related to biology and
beling operates on a “probabilistic” state space where turn outto be more useful in practical applications [57].
the variables are subject to an additional normaliza- Our concluding considerations are rather specula-
tion constraint. This is a remarkably positive fact that tive, and relate to the plausibility of relaxation labeling
leads to formulate simpler energy functions contain- as a model of biological visual computation. Because
ing less easily-determined operational parameters [47]. of their parallel and cooperative nature, in fact, it has
As a matter of fact, experimental evidence has recently been clear since the beginning that intriguing similari-
demonstrated the power of Rosenfeld et al.’s relaxation ties existbetween relaxation labeling processes and cer-
algorithm in solving hard optimization problems such tain mechanisms in the early stages of biological visual
as the traveling salesman [48] or the maximum clique systems|[1, 6]. This observation is indeed supported by
problems [49], and the results show that the algorithm much physiological and anatomical evidence. To be-
clearly outperforms the Hopfield model, whose effec- gin, extensive collateral connections between pyrami-
tiveness has recently been questioned [50]. Now, a dal cells have beenfoundinthe cerebral cortex[58] and,
wide range of tasks in computer vision and pattern as pointed out by Anderson [59], these strongly resem-
recognition can be formulated in terms of minimizing ble the kind of connections that are implementedinare-
some cost function [51], and in fact many authors are laxation labeling network. Interestingly, such collater-
currently employing Hopfield-style networks to solve als rarely extend over long distances, and this led Crick
them (see, e.g., [52] and references therein). From and Asanuma to state that “in mathematical terms, for
the very encouraging results obtained so far, it is ex- one cortical area the connections seem to be ‘near-
pected that nonlinear relaxation labeling has a good diagonal,” assuming that we have a two-dimensional
chance of being capable of solving such vision prob- arrangement of cells and a four-dimensional connec-
lems within this energy-minimization framework. This tion matrix” [58, p. 366]. We observe that this is per-
offers a new and systematic approach for designing re- fectly in accordance with the vast body of computa-
laxation labeling applications which, at present, are tional experience with relaxation labeling, where the
instead typically guided by simple heuristic reasoning. compatibility matrix turns out to have actually such
A further application of the results provenin this pa- a “near-diagonal” form. This is so because, due to
per arises in the context of associative memories. The computational requirements, in real-world applications
existence of stable attractors in state space is in factit is customary to neglect the influence of distant la-
a highly desirable property that can be practically ex- bels. More recently, the biological significance of re-
ploited to construct an associative memory device [53]: laxation labeling has also been strongly advocated by
memory patterns can be stored as attractive fixed pointsZucker et al. [35] who explicitly hypothesized that
of the system, so that when started in their vicinity the first 2—3 iterations of the algorithm could be im-
the memory will eventually “recall” the nearest one. plemented by the pyramidal neurons connecting the
This is a property that is conveniently exploited in striate and extrastriate cortices. Finally, until recently
such practical tasks as, for example, face processingone of the biggest obstacles to consider relaxation la-
[54], and object recognition [55]. From Theorems 5.2 beling as a realistic brain model, came from its (ap-
and 6.4 we know that strictly consistent labelings are parent) lack of learning abilities, which is of course
asymptotically stable equilibrium points, and hence one of the most fundamental aspects of the human
local attractors, for the nonlinear relaxation dynamical brain. Anderson and Hinton, classified in fact relax-
system, and this naturally suggests the idea of using ation labeling algorithms as “systems of simple units
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with fixed interconnections” [60]. Indeed, this mis- computations in this case (see Section 6 and, particu-
conception stemmed more from the utter lack of any larly, Theorem 6.4). This contrasts sharply with exist-
procedure that made relaxation learn, than from a real, ing neural network models, whose convergence prop-
intrinsic inability of the algorithm to do this. Recently, erties are instead known to hold only in the case of
this obstacle has been removed and relaxation labelingsymmetric connections [53, 63, 64] and, in the asym-
processes have instead exhibited interesting learningmetric case, cyclic or chaotic behavior can occur. We
capabilities [17-19]. emphasize that the symmetry restriction is widely rec-
The results presented in this paper may serve to ognized to be biologically implausible, since empirical
strengthen the biological plausibility hypothesis dis- evidence clearly suggests otherwise (e.g., [61]).
cussed above in at least two important ways. First, In conclusion, whatever the value of such specu-
though it is still an unanswered question as to what lations, the theoretical analysis offered in this paper
style of computation is actually implemented in the definitively clarifies the dynamical behavior of the stan-
brain, increasing evidence supports an appealing alter-dard Rosenfeld et al.'s relaxation labeling algorithm,
native to the conventional von Neumann’s paradigm thereby making it as well-founded and mathematically
which is clearly unsatisfactory for biological computa- justified as other notoriously more formal relaxation
tion. The keyideabehind this style of computation con- schemes [3, 4, 6, 9]. It is hoped that our work may
sists of viewing information processing as the motion serve to explain the success of the algorithm, and also

of a dynamical system which evolves in a state space to
dominated by few locally stable attractors [53, 61].
Hogg and Huberman [62] demonstrated that this com-
putational paradigm exhibits a number of interesting
properties that biological neural systems are known to ;.
possess, such as adaptation to the environment, self-
repair, and conditional learning. They concluded that
“computing with attractors may be applicable to bi-
ological computation” [62, p. 6875]. Now, the fact
that, under symmetric connectivity restriction, nonlin-
ear relaxation labeling possesses a Liapunov function

2.

3.

guide practitioners in its future applications.

Notes

We remark that all the results presented in this paper hold true in
the more general case when objects are associated with different
label sets.

Henceforth, when it will be clear from context, the dependence
on p will be understood.

See [23] for a different proof.
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